Abstract-A complete family of Cayley graphs of degree four, denoted as L-networks, is considered in this paper. L-networks are 2D mesh-based topologies with wrap-around connections. L-networks constitute a graph-based model which englobe many previously proposed 2D interconnection networks. Some of them have been extensively used in the industry as the underlying topology for parallel and distributed computers of different scales. Tori, twisted and doubly twisted tori, toroidal diagonal meshes, chordal rings, and circulant graphs are, among others, members of the L-network family. Therefore, many results obtained in previous studies on these networks can be deduced from the general framework presented in this work. In addition, the network model presented in this work allows for new results on the domain of low-degree interconnection networks. Particularly, closed expressions for the graph distance properties have been derived and an optimal routing algorithm of constant complexity is provided. Since symmetry has a big impact on network performance, we have also identified which L-networks are symmetric by studying their group of automorphisms. Finally, a very simple model that predicts the performance of L-networks is also presented. Such model has been contrasted with empirical evaluation.
Ç

INTRODUCTION
S INCE the introduction of packet switching by Baran [1] , interconnection networks have played an increasingly important role in Computer Science and Engineering. Computer networks were initially used for defense applications in which reliability and availability were fundamental issues. Notwithstanding, interconnection networks quickly became popular on the fields of distributed systems and high-performance computing. Nowadays, most computer systems exploit the concept of parallelism and consequently, networks have become strategic and pervasive.
Ring topology has been widely used in different domains. Token Ring [2] , MetaRing [3] , and FDDI [4] are good examples for local area networks. More recently, on the VLSI domain, several current microprocessors [5] , [6] , use ring networks to interconnect their functional units. Although rings are cheap and symmetric, they exhibit poor reliability and performance. Hence, the idea to add connections to a base ring has been deeply studied and applied.
2D torus is a natural evolution of rings. The torus is, together with the mesh, the most popular 2D topology. A m Â n torus is the Cartesian graph product of two rings of m and n nodes respectively; when m ¼ n the torus is square and then symmetric. However, first significant developments in parallel supercomputing were not based on tori. The SOLOMON, described in a 1962 paper [7] , used a 2D mesh but its successor, the ILLIAC IV described in [8] , added wrap-around links to the mesh to form a 2D twisted torus. Such a twisted torus is, in fact, a circulant graph (specifically a chordal ring), in which the Hamiltonian embedded ring was used for control and command purposes. Notwithstanding, standard tori have became more popular than their twisted counterparts and several current supercomputers are tori-based, [9] , [10] , [11] .
Other 2D topologies based on rings have been explored time ago as alternatives to tori. For example, the diagonal toroidal mesh, which is isomorphic to the Kronecker product of two cycles, has been considered as a substitute to the Cartesian product (tori), claiming for some advantages, specially in the case of mixed-radix topologies, [12] , [13] . Other Cayley graphs, such as circulants, chordal rings and Gaussian networks have been previously studied, [14] , [15] . Moreover, hierarchical topologies based on these networks have been recently proposed on [16] .
There is also a lot of work concerning circulant graphs. A (undirected) circulant graph with N vertices and set of jumps fa 1 ; . . . a d g & Z Z N , denoted as C N ða 1 ; . . . a d Þ, is a graph whose vertices are the elements of Z Z N and any pair of vertices u; v 2 Z Z N are adjacent if and only if u ¼ v AE a i ðmod NÞ for some a i in the set of jumps. There are many papers concerning degree four circulants or double loop networks. The case of double loop networks is that of circulant graphs of the form C N ða; bÞ. In [17] , optimal or nearly optimal double loop topologies were proposed for local area networks. Later, distance properties of circulant graphs and their minimization were studied by means of plane tessellations in [18] and [19] . Next, in [20] Beivide et al. completely characterized a family of degree four circulants with minimum diameter and average distance. Moreover, they proposed their use as optimal distance networks for parallel computers.
In this paper, we show that all these previous topologies can be globally studied as different members of the same graph family. Since each graph of this family can be represented as an L-shaped 2D mesh with wrap-around links, we have denoted them as L-networks. To prove this, we use the concept of multidimensional circulant graphs, introduced in [21] . Multidimensional circulants are a generalization of circulant graphs defined by congruences in Z Z n which are represented by n Â n integer matrices. Such graphs turn out to be Cayley graphs over finite Abelian groups. In particular, L-networks are 2D circulants defined by means of 2 Â 2 integer matrices. They include standard circulants of degree four (defined by congruences in Z Z instead of in Z Z 2 ) and many other graphs. We focus on the complete family of L-networks to determine their topological properties, obtain an optimal routing algorithm and discuss their symmetry. These general results can be applicable to any L-network, in particular to all the previously mentioned graphs which have deserved interest in the field of interconnection networks. To summarize, the structure and the main findings of this wok can be stated as follows:
. In Section 2, we define L-networks in terms of 2D integer congruences. We prove that any L-network can be layed out as an L-mesh with wrap-around links. We also show that many wellknown graphs with applications to interconnection networks are included in the family of L-networks. . In Section 3, we determine the main distance properties of L-networks by providing closed expressions for their diameter and average distance. Moreover, we provide an algorithm to compute an optimal routing record in constant time complexity. . Section 4 is focused both on network symmetry and in the provision of a simple model to evaluate network performance. Asymmetry in networks translates into traffic bottlenecks that reduce performance. Therefore, we characterize all the symmetric (both vertex and edge transitive) L-networks and we present a simple model to evaluate network performance based solely on symmetry and average distance. Moreover, we verify our model by means of empirical simulation, illustrating some interesting examples. The paper finishes with the Section devoted to the main conclusions of this work and to the discussion of some open problems.
THE FAMILY OF L-NETWORKS
L-networks are graphs represented as L-shaped 2D meshes with wrap-around links, whose adjacency is dictated by the plane tessellation induced by their L-forms. As we will see later, L-networks are in fact all the Cayley graphs of degree four over finite Abelian groups. They have appeared in various publications of different fields such as in [21] as the 2D generalization of circulant graphs, in [22] for defining perfect codes over flat tori, or in [23] for considering Hamiltonian decompositions of Cayley graphs. In this paper, we adopt the definition by Fiol which implies the use of congruences over Z Z 2 by a matrix. Such an integer matrix will define in a precise way the L-form adopted by the graph. Similar L-forms were was also used in [24] and [19] to study the properties of certain regular graphs.
In this section, we first introduce congruences in Z Z 2 and define L-networks. Then, we motivate the naming of L-networks by providing an L-shaped layout of any of these graphs over the plane. Finally, we describe some notable graphs previously discussed in the literature which are L-networks.
Definition of L-Networks
Multidimensional circulants were introduced in [21] as the natural generalization of circulant graphs to any dimension. The definition of L-networks follows from the original definition of multidimensional circulants when applied to two dimensions. Hence, we need to introduce how to make modulo operations in the integral plane Z Z 2 . With this aim, from here onward we will consider M 2 Z Z 2Â2 to be a nonsingular integer square matrix of size two.
2Â2 be nonsingular. Two vectors v; w 2 Z Z 2 are congruent modulo M if and only if we have c 1 ; c 2 2 Z Z such that
We will denote as v w ðmod MÞ.
We will consider the quotient group
generated by the equivalence relation induced by M. As it was proved in [21] , Z Z 2 =MZ Z 2 has j detðMÞj elements. Next, we recall the definition of Cayley graph. Definition 2. The Cayley graph over a group À and adjacency set A & À is defined as the graph CayðÀ; AÞ with vertex set V ¼ À and edges
2D circulants, as defined in [21] , are Cayley graphs over the group Z Z 2 =MZ Z 2 with adjacency set any pair of vectors
2 . To restrict node adjacency as to produce just mesh-like networks, we fix the adjacency set to the orthogonal vectors. We denote e i as the column vector with 1 as its ith component and 0 otherwise. Hence, we define L-networks as 2D circulants with A ¼ fAEe 1 ; AEe 2 g, that is
be nonsingular. The L-network LðMÞ is defined as the graph whose vertex set is composed of the elements of Z Z 2 =MZ Z 2 and every vertex u is adjacent to u AE e 1 ðmod MÞ and u AE e 2 ðmod MÞ.
Note that LðMÞ is a regular graph of degree four since every node u is adjacent to four different nodes fu þ e 1 ; u À e 1 ; u þ e 2 ; u À e 2 g. This adjacency choice implies that the graph is locally a mesh, which is a quality desired for network implementation and other technical reasons. Although 2D circulants can employ other sets of jumps, it can be proved that there is no loss of generality with this adjacency election, as every graph of this family can be built over an orthogonal mesh. Moreover, it can be proved that Lemma 4 [23] . Let À be a finite Abelian group, A ¼ fAEa; AEbg À and consider CayðÀ; AÞ. Then, there exists M 2 Z Z 2Â2 such that CayðÀ; AÞ ffi LðMÞ:
In the remainder of this section, we address the node labeling that allows to represent any of these graphs as a L-shaped mesh with wrap-around links such that the connectivity pattern is maintained. First, it is worthwhile to introduce a previous result that presents the operations in the matrix M which preserve the graph LðMÞ. A detailed proof of this result can be found in [21] .
Theorem 5. Two integer square matrices of the same size will be said to be equivalent if one is obtained from the other by making any combination of the following operations:
. add/subtract a column to the other, . swap columns, . swap rows, . change the sign of a column, and . change the sign of a row. Then, the L-networks generated by equivalent matrices are isomorphic graphs.
Next, Lemma shows that we always can consider a specific pattern of the signs of the matrix components.
Proof. If an odd number of the matrix entries are negative, then by equivalent operations we can make three positive and order them as needed. On the contrary, if only an even number of the matrix entries are positive, equivalent operations can be performed to order them such that there is a column with all its elements positive and with bigger norm than the other column. Now, by subtracting the first column to the other till needed, we obtain the matrix as we wanted. t u
Next, we consider the set of representatives of Z Z 2 =MZ Z 2 that will label the graph nodes. Note that the proof of the following result is similar to the one given in [25] for quotient ring of Gaussian integers.
is a set of representatives of Z Z 2 =MZ Z 2 .
Proof. Since Z Z 2 =MZ Z 2 has j detðMÞj ¼ jad À bcj elements which is the cardinal of L, it is enough to prove that any two vectors in L are not congruent modulo M. Let us denote by
Let us assume that ð
Þðmod MÞ. Now, we have three different cases: both vectors are in R 1 , both are in R 2 or they are in different rectangles. We will proof the first case, the other two are obtained in a similar way.
Hence, ð x1 y1 Þ 2 R 1 , ð x2 y2 Þ 2 R 2 and by hypothesis there exist p; q 2 Z Z such that
Therefore,
We obtain
Now,
. If p > 0, by (1) we get q > 0, which implies cp þ dq ! dq ! d, which is a contradiction with (2). . If p < 0, by (1) we get q < 0, which implies cp þ dq dq Àd, which is a contradiction with (2). So necessarily p ¼ q ¼ 0, which implies that both vectors are equal.
t u Now, we consider the connection pattern of the wraparound links that complete the definition of the graph.
Let L be as defined in Theorem 7. Consider the graph with vertex set L such that, all the vertices are mesh-like connected and that wrap-around links are defined as:
Then, the graph defined by this adjacency pattern is isomorphic to LðMÞ.
Proof. The connectivity pattern defined in the theorem is the one induced by the tessellation of the plane by the set L. Since L is a set of representatives, by Theorem 7, we straightforwardly obtain the result. t u (Fig. 1a) , the L-network can be built as a a Â d rectangular mesh from which a b Â c rectangle, located at the top right corner, has been removed. However, if there is an element with different sign, for example b, the L-network can be represented as a rectangular mesh of a Â d with an attached mesh of size c Â jbj, as shown in (Fig. 1b) . Finally, the peripheral adjacency of nodes located at the mesh borders can be trivially obtained by tessellating the plane with the L-shape induced by its matrix. Note that this gives a systematic layout of any L-network over the plane with some links crossing. A 3D layout over a torus surface without links crossing can be obtained in a similar way than in [26] , [22] , and [27] .
Representative Members of the L-Network Family
In this section, different 2D networks previously appeared in the technical literature are going to be considered. We will show that all of them are members of the family of L-networks. In particular, rings, tori, twisted, and doubly twisted tori, circulants, chordal rings, Kronecker products of two cycles or diagonal meshes, Gaussian networks, and Midimews, among others, are L-networks.
Torus and Twisted Torus
. When b and c are both zero, as in a diagonal matrix, the L-form degenerates into a a Â d rectangle (or a square if a ¼ d). In this case, we have that LðMÞ is the standard torus network which is the Cartesian graph product of two rings of sizes a and d. In some cases, a or d can be 1 thus obtaining a 1D ring.
In [28] , twisted tori were defined as square tori with the wrap-around links of one dimension displaced one position. In general, their generalization to rectangles with any displacement can be used. The resulting graphs are like tori, but with the edges from the bottom to the top twisted t positions. Any twisted torus is isomorphic to an L-network by setting M ¼ ð x t 0 y Þ, where x; y are the dimensions of the torus and t is the twist. Observe that this matrix is upper triangular. For example, the network used in the Illiac IV computer is defined by the matrix M ¼ ð 
Diagonal Toroidal Mesh Network
Diagonal toroidal mesh networks were proposed in [12] . In [50] , it was shown that these networks were in fact the Kronecker product of two odd cycles. Such networks exhibit noticeable performance improvements for mixedradix topologies (networks with different number of nodes per dimension) when compared to Cartesian products (tori) [29] , [30] . Next, we show that the Kronecker product of two cycles of any length (not only those of odd length as studied in [13] ) are L-networks, thus including the diagonal toroidal mesh in the L-networks family.
In [31] , the Kronecker product of two graphs was defined as the graph having as adjacency matrix the Kronecker product of the respective adjacency matrices of their factors. Weichsel also gave another equivalent definition, which was rewritten in [32] in a more natural way:
graphs. Their Kronecker product G 1 Â G 2 is defined as the graph G ¼ ðV ; EÞ such that the set of vertices is the Cartesian product V ¼ V 1 Â V 2 and the set of edges is E ¼ ÈÀ
Therefore, each vertex of the product is related to a vertex in each of the original graphs and two vertices are connected in the Kronecker product if their corresponding vertices are connected in its factors.
It is easy to see that the Kronecker product of two cycles C k1 Â C k2 is isomorphic to the 2D circulant CayðZ Z 2 =MZ Z 2 ; AÞ where M ¼ ð
Þ and the set of adjacencies is A ¼ fAEð
Þg. Such adjacency pattern leads to mesh networks but with diagonal links. Although diagonal links could be employed for network implementation as in [12] , this graph product can also be represented as an L-network with orthogonal links, as it is proved in the following result.
Theorem 11 [33] . Let a; b 2 Z Z. Then, the Kronecker product of the two cycles C a Â C b is isomorphic to:
. LðMÞ where M ¼ ð . LðMÞ, with
if a is an even integer and b is an odd integer.
Proof. We just prove in detail the first item; for the other two, we provide the corresponding mappings. If a and b are both odd integers, we consider the mapping
First, we prove that f is well-defined, that is, if x x 0 ðmod aÞ a n d y y 0 ðmod bÞ t h e n fðx; yÞ fðx 0 ; y 0 Þ ðmod MÞ. Since x x 0 ðmod aÞ and y y 0 ðmod bÞ there exists
Hence, fðx À x 0 ; y À y 0 Þ 0 ðmod MÞ, which implies fðx; yÞ fðx 0 ; y 0 Þ ðmod MÞ. Next, we prove that f is injective. Therefore, since both rings have the same number of elements, we will have proved that f is a bijection between them. Hence, let ðx; yÞ; ðx 0 ; y 0 Þ 2 Z Z a Â Z Z b such that fðx; yÞ fðx 0 ; y 0 Þ ðmod MÞ. This implies that there exist k 1 ; k 2 2 Z Z such that
Therefore, we obtain
from which we obtain equations
As a consequence, we obtain that ajða þ 1Þðx À x 0 Þ and bjðb þ 1Þðy À y 0 Þ. Since a; a þ 1 (respectively b; b þ 1) are coprime, the previous expressions imply that ajðx À x 0 Þ and bjðy À y 0 Þ. Hence, we have proved that x x 0 ðmod aÞ and y y 0 ðmod bÞ.
Finally, we prove that f preserves the adjacency pattern of the graphs. But, it is enough to see that
For the second item's proof, we would like to recall that it is well-known that the Kronecker product of two even cycles is not connected since it is the product of two bipartite graphs. It can be checked that this product is composed of two connected components, one corresponds to the vertices ðx; yÞ such that x þ y is even and the other correspond to those vertices ðx; yÞ such that x þ y is odd. Therefore, we define the following graph isomorphism:
. If 2 6 j x þ y then fðx; yÞ ¼ 1;
For the third item proof consider the graph isomorphism f defined as:
Gaussian Networks
In [14] , Gaussian networks were considered as a model for some degree four interconnection networks and certain applications were highlighted. In [34] , the topological properties of Gaussian and Eisenstein-Jacobi networks were studied using the same mathematical model. It should be remarked that Gaussian networks constitute a particular subset of the L-networks considered in the present work. An L-network is a Gaussian network if j detðMÞj can be expressed as a sum of two squares, which it is not very common. In such case, it can be easily shown that the Gaussian network generated by the Gaussian integer a þ bi 2 Z Z½i is isomorphic to the L-network generated by matrix M ¼ ð a Àb b a Þ. Moreover, the doubly twisted torus proposed as a generalization of the twisted torus in [35] , also corresponds to an L-network with matrix M ¼ ð a À1
1 a Þ which, in turn, is a Gaussian graph.
Midimew Networks
Midimews were defined in [20] as degree four circulant graphs with optimal diameter and average distance among all circulants of such degree with the same number of nodes. For every positive N, the Midimew with N nodes is defined as the degree four circulant graph C N ðb; b À 1Þ where
q e. Since they are circulants, they are also L-networks generated by matrices of the form ð
DISTANCE PROPERTIES AND ROUTING IN L-NETWORKS
In this Section, we obtain closed expressions for the diameter and average distance of any L-network. In addition, we provide a minimal algorithm for routing in any of these networks. Computing the routing in circulant graphs was related with the shortest vector problem in [36] . Later, in [37] , it was presented a faster method to compute routes in four-degree circulant graphs. Using similar techniques, we extend the focus to compute expressions for the distance parameters and for providing a routing algorithm for the broader class of L-networks. First, we recall some basic definitions. The distance between two nodes v; w in a graph is defined as the minimum number of edges in a path between them; we will denote it as ðv; wÞ. The diameter (average distance) of a graph is the greatest (average) graph distance along all pairs of different nodes. The l 1 -norm of a vector v ¼ ðv 1 ; . . . ; v n Þ or its Manhattan weight is defined as jv 1 j þ Á Á Á þ jv n j. Obviously, our distance is related to the l 1 -norm, and so, we will assume it when writing k Á k. For simplicity, we will define the norm of a matrix kMk to be the maximum of the norms of its columns.
Remark 12.
In an infinite mesh with nodes labeled with Cartesian coordinates, the distance between two nodes is the l 1 -norm of their difference (their Manhattan distance). For LðMÞ, the distance between v and w is ðv; wÞ ¼minfkv 0 À w 0 k :
With the aim of obtaining an expression for the diameter and average distance we search for an isomorphic graph that minimizes kMk. We adopt the definition of reduced matrix from [38] , which is given in terms of lattice basis instead of matrices. Using this definition, a matrix M ¼ ð Moreover, the existence of such a reduced matrix can also be obtained from [38] . From this lemma we see that reduced matrices are not unique, but we only need to make an arbitrary decision of the signs and sorting of sizes of the entries to make it unique. Naturally, it follows the definition.
For the reciprocal, from 2b þ c a and jbj a, we obtain jbj þ b þ c a,
Hence M is reduced and it is straightforward to prove that it is positive reduced.
This proof has been verified with Coq software [39] .t u
It should be noted that using the algorithm presented in [38] , the reduced matrix can be obtained in Oðlog kMk kM 0 k Þ arithmetic steps, where M is the original matrix and M 0 the reduced one. Hence, the computation of the positive-reduced matrix can be done in Oð1Þ arithmetic operations. Now, we can state a general result that computes the diameter of any L-network.
Theorem 16. If M is a positive-reduced matrix and is defined as
Then, the diameter k of LðMÞ is
Before proving Theorem 16, we need to consider the labeling presented in the next theorem which is useful to determine the distance properties of L-networks.
Proof. The first set can be obtained in a similar way as in [40] . Geometrically, this set is the parallelogram with vertices in 0, Me 1 , Me 2 , and Mðe 1 þ e 2 Þ. The second one is obtained by shifting this parallelogram to center it at the origin. t u
Proof. (of Theorem 16)
Throughout this proof, we will refer to Fig. 2 . We use the set P 0 of representatives of Z Z 2 =MZ Z 2 presented in Theorem 17. This set can be seen in the figure as a black parallelogram. We have supposed that M is a positivereduced matrix. We introduce the following values
Note that À ¼ þ . We consider l 1 -circumferences of radius À and þ , which cut the parallelogram composed by the set of representatives, leaving four triangles out of the l 1 -circumference of radius À .
Note that aþb 2 and cþd 2 are always positive, and thus the position of the triangles is always the same. The distance between the two l 1 -circumferences is
Now, we proceed to find alternative representatives for the elements in the triangles inside the l 1 -circumference of radius À . Note that these alternatives are shown in the figure as triangles of the same style as the original ones. The available length for the black striped triangle is . We also need to obtain the vertices of the original triangles between the dashed lines (because they would not be triangles otherwise), which is summarized as:
Example 18. This previous theorem provides a closed expression for the diameter of any L-network. In addition, it generalizes some other results appeared in the literature. For Gaussian networks, [41] , the diameter of G aþbi is a when a 2 þ b 2 is even and a À 1 otherwise. This can be easily obtained from our result by realizing that the matrix ð a Àb b a Þ is, by default, a positive reduced one. In [12] , the diameter of the Kronecker product of two cycles of odd lengths a and b, with a ! b, was described. As shown in Theorem 11, the resulting graph can be seen as the L-network with matrix
with 0 q p which needs, at most, one division to make it positive reduced. Clearly, when 3q p the matrix is positive reduced, thus obtaining a diameter of Next, the average distance of L-networks will be determined. The following result gives a closed expression for its value. The proof follows from the fact that there are only three possible different representations of the L-network nodes when expressed in minimum norm, which are the ones represented in Fig. 3 . This is another set of representatives of Z Z 2 =MZ Z 2 and corresponds with its Voronoi tile. The lengths of the Voronoi tile sides can be obtained from the entries of the reduced matrix. We denote this set of representatives by V. A detailed proof of the following theorem can be found in the Appendix, which can be found on the Computer Society Digital Library at http://doi.ieeecomputersociety.org/10.1109/TC.2012.77. Theorem 19. Let M be a positive-reduced matrix. Then, the average distance " k of LðMÞ is 
Routing in L-Networks
Network routing is an important problem that must be addressed using the underlying graph which defines the network topology. Usually, routing algorithms are minimal, which implies using just shortest paths. The shortest path problem for a graph can be formulated as follows: given two nodes v; w of the graph, find a path between v and w having minimum length. For L-networks, the problem of finding a minimal path between any pair of nodes becomes the shortest vector problem in the lattice generated by the considered 2D congruence. Specifically, given two vectors (nodes) v; w in Z Z 2 =MZ Z 2 we have to find another vector r with minimum l 1 -norm such that r ¼ w À v ðmod MÞ. The pair r ¼ ðr 1 ; r 2 Þ is usually called routing record. A routing record provides many shortest paths between the vertices by using, for example, an algorithm similar to the one presented in [42] . This problem has already been considered for some specific L-networks: tori constitute a trivial case, for circulant graphs it was solved in [36] , [42] . and [37] , for Midimews in [20] and for Gaussian networks in [41] . Recently, in [34] an optimized algorithm for Gaussian and EJ-networks has been presented in which the number of comparisons has been minimized. In this work, we provide a general solution for any L-network.
A minimal routing algorithm for an unspecific L-network is presented in Algorithm 1. The inputs are the positive-reduced matrix which defines the network and the labels of the two nodes involved which must be represented with minimum l 1 -norm. The output of the algorithm is the routing record which will also be in minimum norm. The correctness of this algorithm will be proved next. We will prove that, for each M, there exists a set S & Z Z 2 with cardinal 9 such that for any v; w, both with minimum norm, there exists s 2 S such that v À w À Ms is a representative of v À w with minimum norm. Geometrically, this can be seen as looking for the representative of the node v À w nearest to zero inside the 9 tiles of the set of congruences with minimum norm. By means of a slight modification of the matrix, this set is always S ¼ f0; AEe 1 ; AEe 2 ; AEðe 1 þ e 2 Þ; 
In most of the cases, this transformation leaves the matrix unmodified. When it modifies it, the modified one is an equivalent matrix, but it is no longer reduced. 
We could conserve the reduced matrix by carrying out a similar transformation over the set S instead. 
Proof. Let K be the set of minimum representatives. Given v; w 2 K, to find r minimum and congruent with v À w is the same as to find such that v À w is contained in K þ M. Hence, it is the same than to find which points of the lattice
Note that K tiles Z Z 2 and that it is 0-symmetric (K ¼ ÀK). Furthermore, K is a star body, this is, if x 2 K and jj < 1, then x is an inner point of K. In these bodies, K þ K contains on its boundary at most 8 lattice points and K þ K þ K contains up to 9 lattice points: it contains vertex 0, the boundary of K þ K and may complete up to the 9 points (see [43] for further details).
Therefore, for our minimum form K, K À K À K contains at most 9 lattice points and from Lemma 21 we know that they are a subset of È M; 2 f0; AEe 1 ; AEe 2 ; AEðe 1 þ e 2 Þ; AEðe 1 À e 2 Þg É ;
which completes the proof. t u Example 23. In this example, we show how the routing Algorithm 1 performs in a particular L-network. We want to route in LðMÞ with M ¼ ð 2 À9 3 10 Þ. Fig. 6 shows the representation of this L-network in minimum norm representation.
Note that M can be positive reduced and transformed as M 0 ¼ ð
Finally, the one with minimum l 1 -norm is r ¼ ð 4 À1 Þ, which corresponds to the routing record. In Fig. 5 , a drawing of the graph and the tessellation induced by the set S composed of nine tiles is shown. Note that the nine tiles are enough to cover the set in gray color, which correspond to the set of differences of the minimum norm labelings.
Remark 24. The previous Algorithm 1 computes the routing record using nodes labeled with minimum norm. It should be noted that using the node labeling in minimum norm provides the minimum number of operations to be performed for obtaining the routing record in the general case. However, if the Algorithm is going to be applied to the network labeled by its physical coordinates given by the L-form (as defined in Theorem 7), then we have two options. The first one is that each node has both labels, the minimum-norm one and the physical L one, as local information. Hence, to calculate the routing record from node v to node w, we apply Algorithm 1 using the minimum norm labels. The second option is to use directly the L-form labeling. For a specific L-network, a precomputation can determine the number of tiles to consider in case of using the positive L labels. However, in that case more than 9 tiles (or comparisons) would be necessary to obtain the route. The next example shows how to route in L-networks using the node labeling provided by the L-form.
Example 25. Let us consider again
3 10 Þ. In this case we can see the L-network as two attached rectangular meshes of dimensions 2 Â 10 and 9 Â 3 as shown in Fig. 4 . The wrap-around links induced by the tesellation of the plane by the L-complete the graph. As we can see in Fig. 7 , the use of this labeling requires to consider 17 tiles instead of the 9 needed in the general case for the minimum norm labeling. In the Figure, it can be seen that, to cover the set of the differences of the labels, 17 Voronoi regions with centers at fe 2 ; e 2 À e 1 ; e 2 À 2e 1 ; e 2 À 3e 1 ; e 2 À 4e 1 ; 3e 1 ; 2e 1 ; e 1 ; 0; Àe 1 ; À2e 1 ; À3e 1 ; À e 2 þ 4e 1 ; Àe 2 þ 3e 1 ; Àe 2 þ 2e 1 ; Àe 2 þ e 1 ; Àe 2 g; are needed. Now, consider the source node v o ¼ ð 
SYMMETRIC INTERCONNECTION NETWORKS BASED ON L-NETWORKS
Symmetry is a desirable characteristic for any network as it has a big impact on performance and router design complexity. In terms of performance, tori are clearly superior to meshes that do not use wrap-around edges which simplify their planar design at the price of losing vertexsymmetry. Many interconnection networks have been based on vertex-symmetric graphs. In a vertex-symmetric graph, any node can "observe" the same environment. This is the case of current parallel computers from Cray and IBM, among others, that are built around torus networks. Less attention has been devoted to edge-symmetric networks, that is, those in which any link has the same surrounding environment. Square torus has been the network of choice for many designs as it is symmetric (vertex and edge symmetric). However, for practical reasons such as packaging, modularity, cost, and scalability, the number of nodes per dimension might be different. These topologies are denoted as mixed-radix networks in [44] . Mixed-radix tori have the drawback of being nonedgesymmetric which leads to an imbalanced utilization of network links and buffers. For different commonly used traffic patterns, the load on the longer dimension is higher than on the shorter one and, hence, links in the longer dimension become network bottlenecks, [29] . The mathematical concepts are stated in the next definition, in which AutðGÞ denotes the automorphism group of the graph G. In [45] , it was proved that all Cayley graphs are vertexsymmetric. Therefore, to fully characterize symmetric L-networks it must be determined those which are also edge-symmetric. A first study of isomorphisms between this kind of graphs was made in [46] . It can be proved that the only symmetric L-networks are, essentially, Gaussian networks, Kronecker products of two cycles or another subfamily of graphs which are very similar to the product of two cycles, which correspond to the first three items in the following theorem. The other two items correspond to L-networks such that the edge-symmetry is obtained by means of nonlinear automorphisms.
Theorem 27 [47] . LðMÞ is edge-transitive if and only if M is equivalent to one of the following matrices: In the following, we consider those L-networks which are symmetric. Then, we use the concept of link utilization (LU) which reflects the symmetry degree that a L-network can have. Using just the LU and the average distance of the graph, we are able to introduce a very simple model that predicts the performance, in terms of throughput of a L-network. We will show some simulation results for a wide range of L-networks, all with the same number of nodes but different degrees of symmetry. Finally, we consider the particular case of the LU computation for conventional torus networks.
A Simple Performance Model for Networks Based on L-Networks
In this section, we introduce a simple performance model based just on two topological parameters: symmetry and average distance. We have already characterized symmetric L-networks in terms of their matrices in Theorem 27,  showing that the most significant examples of symmetric L-networks are Gaussian networks and Kronecker products of cycles. Now, we introduce the LU of these networks, which measures how symmetric they are. The LU is defined as the average usage of the network links under uniform traffic at maximum load. As in previous Sections, ðv; wÞ denotes the distance between nodes v and w. Therefore, the average distance is
Since the adjacency pattern of an L-network is determined by orthogonal vectors fe 1 ; e 2 g, the network links can be separated into two disjoint sets: one containing the horizontal links, which we will denote as x-direction and the vertical ones, or y-direction. In these networks, the distance of any minimal path between two nodes v and w can be decomposed as ðv; wÞ ¼ x ðv; wÞ þ y ðv; wÞ. x ðv; wÞ is the distance in the x-direction when we travel through a shortest path between nodes v and w; similarly, we can define y ðv; wÞ. Therefore, the average distance in x (that is, the average number of x-links in the route of packets under uniform traffic) can be defined as
Equivalently, we can define " k y for the y-direction. In addition, we know that "
In [29] , it is proposed that the LU is related to the average distances as follows
Note that symmetric networks have " k x ¼ " k y , which implies LU ¼ 1, or what is the same, there is a full use of all the links. It is interesting to remark that the maximum throughput achieved by a network under uniform traffic directly depends on the average use of links (LU) and inversely on the network average distance, " k. A random packet traveling between two network nodes has to traverse " k links at a rate that depends on LU. Hence, in general, the maximum throughput can be computed as
In the networks considered in this work, T ¼ 
Empirical Performance Evaluation
In this section, we present an experimental evaluation carried out to empirically measure the performance of L-networks. All the experiments have been done using a functional simulator called FSIN, [48] . The simulations have been done for many L-networks of 360 nodes, a number in which there are a lot of different symmetric and nonsymmetric L-networks. Moreover, for all the simulations we use uniform traffic, which is where symmetry is manifested. The router model is based on the Bubble Adaptive router presented in [49] and currently used by IBM BlueGene supercomputers with three virtual channels. The routing is performed by a uniform selection of the route among all the paths with minimum length. This is of great importance even using minimal routing. If it is not done with such uniformity, there is a risk of breaking symmetry. In Fig. 8 , the maximum accepted load of the set of the 360 node L-networks under consideration is represented. In abscises, we plot values of
. In ordinates, we plot throughput measured as packets consumed by node per cycle. As can be seen, the empirical values match with the performance model. The accepted load or throughput is summarized by the " k max parameter. Therefore, the throughput of a L-network only depends on its " k max . Hence, among all the possible L-networks with the same number of nodes, we would preferably choose those with " k x % " k y . We only get the best case " k x ¼ " k y when the L-network is completely symmetric, that is, when it is also edge-transitive. In this sense, the LU gives a measure of how symmetric the network is.
Next, we will consider how symmetry and average distance affect network performance for the set of 360 node L-networks evaluated in the previous experiment. In Fig. 9 , for each network, the average distance in abscises and the LU in ordinates is represented. The symmetric graphs are the ones at the top of the figure and the nonsymmetric ones lie nearly on a curve. The best networks in terms of performance are represented by points on the upper left corner. Conversely, the worst networks are represented by points in the bottom right corner. Each line represents networks with the same throughput, where the throughput grows from one line to the next with the growing velocity captured in the density of the lines. The results which are surrounded with a circle correspond to some L-networks which are going to be considered next with more detail.
In Fig. 10 , we show examples of the four networks marked with a circle in Fig. 9 . Two of them have the same throughput, one being symmetric and the other very asymmetric. The other two are a symmetric one with an average distance similar to the asymmetric one, and finally an asymmetric one with average distance similar to the symmetric one. None of them are good in terms of performance, but they are a clear example of how symmetry and distance impact separately on performance. The selected networks are: Networks i and ii provide similar throughput because the product of LU by the inverse of the average distance in each network is approximately the same. Network iii is the best one as it exhibits symmetry and lower average distance. Finally, as expected, Network iv is the one with lowest performance.
Finally, we consider an important case of L-networks: rectangular tori of constant size N ¼ xy, x ! y. As we have stated at the beginning of the present Section, mixed-radix tori are of great interest for practical reasons. Here, the average distances per dimension are, approximately,
xþy 4 and therefore, the LU
Since the throughput grows proportionally with the LU and inversely with the average distance, we know that
Therefore, given a network of size N, the torus with best performance which can be built is the one whose sides have lengths as close as possible. In the case that it is possible, the square torus, which is a completely symmetric graph, is the one showing the best performance.
In Fig. 11 , the relative throughput of a rectangular torus against the square torus of the same size can be seen. All the considered networks have 10,000 nodes. Since we know that T $ 1 " k LU, we can decompose the throughput into two factors: the LU factor gives us the performance related to the symmetry, which goes from 1 2 in the worst case of the completely asymmetric torus degenerated into a cycle, to 1 when the network is the completely symmetric square torus. The other factor, 1 " k , gives us the performance related to distance. As can be observed, it grows faster when the sides are different, but slower when it is similar to the square tori. The product of the two curves gives us the line that records the performance improvements. Just to finish, it should be remarked that Kronecker products of cycles are clearly superior to tori (Cartesian product of cycles) when used in mixed-radix topologies, as proved in [29] .
CONCLUSIONS AND FUTURE WORK
We have used L-networks as a framework for englobing many previously considered 2D regular network topologies. As it has been proved, the L-network family includes fourdegree tori and twisted tori, circulant graphs, chordal rings, Gaussian networks, Kronecker products of cycles, Midimews and many other graphs. We have provided closed expressions for their diameter and average distance plus an optimal routing algorithm. The analysis of the automorphisms of these graphs allowed us to characterize which L-networks are symmetric. Finally, the impact of such symmetry on network performance has been studied.
Although the study presented in this paper is focused on L-networks, which are 2D, we have also considered the possibility of extending our results to the multidimensional general case. Therefore, future research would imply the study of higher degree multidimensional graphs which include, among other already considered topologies, multidimensional tori and twisted tori and Kronecker product of more than two cycles. Cristó bal Camarero received the master's degree in computer science (with distinction) from the University of Cantabria, Spain, in 2011. He is currently working toward the PhD degree at the Electronics and Computers Department from the University of Cantabria. His research interests include graph theory with applications to interconnection networks and coding theory.
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